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Abstract
In this paper, we introduce a new concept of relaxed η − α pseudomonotonicity. By using the KKM technique,
some existence results for variational-like inequalities with relaxed η − α pseudomonotone mappings in reflexive
Banach spaces are established.
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1. Introduction
Variational inequality theory plays an important role in many fields of science, engineering and
economics. Because of their wide applicability, variational inequality problems have been generalized in
various directions for the past several years. For details, we refer to [1–9] and the references therein.
In recent years, a number of authors have proposed many important generalizations of monotonicity
such as pseudomonotonicity, relaxed monotonicity, relaxed η − α monotonicity, quasimononicity, and
semimonotonicity; see [1,6–19] and the references therein. In [6], Verma studied a class of variational
inequalities with relaxed monotone operators. In [7], Fang and Huang introduced a new concept of
relaxed η − α monotonicity and obtained the existence of solutions for variational-like inequalities
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with relaxed η − α monotone mappings in reflexive Banach spaces. In [10], Karamardian and Schaible
introduced various kinds of generalized monotone mappings which in the case of gradient mappings
are related to generalized convex functions. The latter play an important role in certain applications of
mathematical programming as well as in economic theory; see [11].
Inspired and motivated by [6,7], in this paper we introduce a new concept of relaxed η − α
pseudomonotone mappings. By using the KKM technique, some existence results for variational-like
inequalities with relaxed η − α pseudomonotone mappings in reflexive Banach spaces are established.
Our results are the generalization of many existing works of [2–8] and [12].
2. Some definitions
Let E be a real reflexive Banach space with dual space E∗, and 〈·, ·〉 denote the pairing between E
and E∗. Let K be a nonempty subset of E , and 2E denote the family of all the nonempty subset of E .
Definition 2.1. A mapping T : K → E∗ is said to be relaxed η − α pseudomonotone if there exist a
mapping η : K × K → E and a function α : E → R with α(t z) = t pα(z) for all t > 0 and z ∈ E such
that, for any x, y ∈ K , we have
〈T y, η(x, y)〉 ≥ 0 implies 〈T x, η(x, y)〉 ≥ α(x − y), (2.1)
where p > 1 is a constant.
Special case:
(1) If η(x, y) = x − y ∀x, y ∈ K , then (1) becomes that for any x, y ∈ K , we have
〈T y, x − y〉 ≥ 0 implies 〈T x, x − y〉 ≥ α(x − y),
and T is said to be relaxed α pseudomonotone.
(2) If η(x, y) = x − y, ∀x, y ∈ K and α(x, y) ≡ 0, then (1) reduces to that: for any x, y ∈ K , we
have
〈T y, x − y〉 ≥ 0 implies 〈T x, x − y〉 ≥ 0,
and T is said to be pseudomonotone; see [8,10,12,13].
If a mapping T : K → E∗ is relaxed η − α monotone (see [7]), i.e., there exist a mapping
η : K × K → E and a function α : E → R with α(t z) = t pα(z) for all t > 0 and z ∈ E such
that
〈T x − T y, η(x, y)〉 ≥ α(x − y),∀x, y ∈ K ,
then it is easy to see that T is relaxed η − α pseudomonotone. However, the converse is not true in
general, which is shown in the following example.
Example 2.1. Let K = (−∞,+∞), η(x − y) = x − y, and
T x =
{
(3/2)x, x ≥ 0,
−(1/2)x, x < 0.
Then T is relaxed η − α pseudomonotone with α(z) = −(1/2)z2. It is easy to see that T is not a relaxed
η − α monotone mapping.
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Definition 2.2. A mapping T : K → E∗ is said to be B-pseudomonotone if {xn} ⊂ K is weakly
convergent to x ∈ K , we have
lim
n→∞ sup〈T xn, xn − x〉 ≤ 0 implies 〈T x, x − y〉 ≤ limn→∞ inf〈T xn, xn − y〉,∀y ∈ K . (2.2)
The notion of B-pseudomonotone mappings was originally introduced by Brezis; see [14]. The
following example shows that a relaxed η − α pseudomonotone mapping is different from a
B-pseudomonotone mapping.
Example 2.2. Let l2 be the space of all real functions x on {0, 1, 2, . . .} whose norm
‖x‖ =
{ ∞∑
n=0
‖x(n)‖2
}1/2
is finite. Let T x = −x for all x ∈ K , K = {x ∈ l2 : ‖x‖ ≤ 1} and en = (0, . . . , 0, 1︸ ︷︷ ︸
n
, 0, . . .),
n = 1, 2, . . ..
It is easy to see that en converges weakly to 0 as n → +∞. Now we prove that T is not
B-pseudomonotone. Since
〈T en, en − 0〉 = −1,
and so
lim
n→∞ sup〈T en, en − 0〉 = −1 ≤ 0.
However, for y = 0 ∈ K , we have
〈T 0, 0 − y〉 = 0,
lim
n→∞ inf〈T en, en − y〉 = limn→∞ inf〈T en, en − 0〉 = −1,
so
〈T 0, 0 − y〉 ≤ lim
n→∞ inf〈T en, en − y〉,
which means that the condition (2.2) is not satisfied for y = 0 ∈ K , i.e., T is not B-pseudomonotone.
We can prove that T is relaxed η − α pseudomonotone, where η(x, y) = x − y and α(z) = −‖z‖2.
We recall the following definition [1].
Definition 2.3. Let T : K → E∗ and η : K × K → E be two mappings. T is said to be η-
hemicontinuous if, for any fixed x, y ∈ K , the mapping f : [0, 1] → (−∞,+∞) defined by
f (t) = 〈T (x + t (y − x)), η(y, x)〉 is continuous at 0+.
The following definition and lemma (see [20]) will be needed in what follows.
Definition 2.4. A mapping F : K → 2E is said to be a KKM mapping if, for any {x1, . . . , xn} ⊂ K ,
co{x1, . . . , xn} ⊂ ⋃ni=1 F(xi), where co{x1, . . . , xn} denotes the convex hull of x1, . . . , xn .
Lemma 2.1. Let K be a nonempty subset of a Hausdorff topological vector space X and let F : K → 2X
be a KKM mapping. If F(x) is closed in X for every x in K and compact for some x0 ∈ K , then⋂
x∈K
F(x) = ∅.
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3. Existence results
In this section, we discuss the existence of the following variational-like inequality: find x ∈ K such
that
〈T x, η(y, x)〉 ≥ 0, ∀y ∈ K , (3.1)
where K is a nonempty closed convex subset of a real reflexive Banach space E .
Theorem 3.1. Let K be a nonempty closed convex subset of a real reflexive Banach space E. Let
T : K → E∗ be an η-hemicontinuous and relaxed η − α pseudomonotone. Assume that:
(i) η(x, x) = 0 for all x in K ;
(ii) for any fixed y, z in K , the mapping x → 〈T z, η(x, y)〉 is convex.
Then, x ∈ K is a solution of (3.1) if and only if
〈T y, η(y, x)〉 ≥ α(y − x), ∀y ∈ K . (3.2)
Proof. Suppose that x ∈ K is a solution of (3.1). Since T is relaxed η − α pseudomonotone, we have
〈T y, η(y, x)〉 ≥ α(y − x), ∀y ∈ K .
Hence x ∈ K is a solution of (3.2).
Conversely, suppose that x ∈ K is a solution of (3.2) and y ∈ K be any point. Letting
xt = t y + (1 − t)x, t ∈ (0, 1],
then xt ∈ K . It follows from (3.2) that
〈T xt , η(xt , x)〉 ≥ α(xt − x)
= α(t (y − x))
= t pα(y − x). (3.3)
By conditions (i) and (ii), we have
〈T xt , η(xt , x)〉 ≤ t〈T xt , η(y, x)〉 + (1 − t)〈T xt , η(x, x)〉
= t〈T xt , η(y, x)〉. (3.4)
It follows from (3.3) and (3.4) that
〈T xt , η(y, x)〉 ≥ t p−1α(y − x), (3.5)
for all y in K . Since T is η-hemicontinuous and p > 1, letting t → 0 in (3.5), we get
〈T x, η(y, x)〉 ≥ 0, ∀y ∈ K .
Therefore x ∈ K is a solution of (3.1). 
Theorem 3.2. Let K be a bounded closed convex subset of the reflexive Banach space E, and T : K →
E∗ be η-hemicontinuous relaxed η − α pseudomonotone. Assume that
(i) η(x, y) + η(y, x) = 0, for all x, y in K ;
(ii) for any fixed y, z in K , the mapping x → 〈T z, η(x, y)〉 is convex and lower semicontinuous;
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(iii) α : E → R is weakly lower semicontinuous, i.e., for any net {xβ} ⊂ E, xβ converges weakly to x0
implies that
α(x0) ≤ lim
β
inf α(xβ).
Then there exists at least one solution for (3.1).
Proof. For any y ∈ K , define two set-valued mappings F, G : K → 2K as follows:
F(y) = {x ∈ K : 〈T x, η(y, x)〉 ≥ 0},
G(y) = {x ∈ K : 〈T y, η(y, x)〉 ≥ α(y − x)}.
We claim that F is a KKM mapping. If F is not a KKM mapping, then there exists {y1, . . . , yn} ⊂ K
such that
co{y1, . . . , yn} ⊂
n⋃
i=1
F(yi),
i.e., there exists a y0 ∈ co{y1, . . . , yn}, y0 = ∑ni=1 ti yi , where ti ≥ 0, i = 1, . . . , n, ∑ni=1 ti = 1, but
y0 ∈⋃ni=1 F(yi). By the definition of F , we have
〈T y0, η(yi , y0)〉 < 0,
for i = 1, . . . , n. It follows from conditions (i) and (ii) that
0 = 〈T y0, η(y0, y0)〉 =
〈
T y0, η
(
n∑
i=1
ti yi , y0
)〉
≤
n∑
i=1
ti 〈T y0, η(yi , y0)〉
< 0,
which is a contradiction. This implies that F is a KKM mapping. Now we prove that
F(y) ⊂ G(y), ∀y ∈ K .
For any given y ∈ K , letting x ∈ F(y), then
〈T x, η(y, x)〉 ≥ 0.
Since T is relaxed η − α pseudomonotone, we have
〈T y, η(y, x)〉 ≥ α(y − x).
It follows that x ∈ G(y) and so
F(y) ⊂ G(y), ∀y ∈ K . (3.6)
This implies that G is also a KKM mapping.
Since x → 〈T z, η(x, y)〉 is convex lower semicontinuous, we know that it is weakly lower
semicontinuous. From the definition of G and the weakly lower semicontinuity of α, it is easy to
see that G(y) is weakly closed for all y ∈ K . Since K is bounded closed and convex, we known
that K is weakly compact, and so G(y) is weakly compact in K for each y ∈ K . Therefore, the
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conditions of Lemma 2.1 are satisfied in the weak topology. It follows from Lemma 2.1 and Theorem 3.1
that ⋂
y∈K
F(y) =
⋂
y∈K
G(y) = ∅.
Hence, there exists x ∈ K such that
〈T x, η(y, x)〉 ≥ 0, ∀y ∈ K . 
Theorem 3.3. Let K be an unbounded closed convex subset of the reflexive Banach space E, and
T : K → E∗ be η-hemicontinuous relaxed η − α pseudomonotone. Assume that:
(i) η(x, y) + η(y, x) = 0, for all x, y in K ;
(ii) for any fixed y, z in K , the mapping x → 〈T z, η(x, y)〉 is convex and lower semicontinuous;
(iii) α : E → R is weakly lower semicontinuous, i.e., for any net {xβ} ⊂ E, xβ converges weakly to x0
implies that
α(x0) ≤ lim
β
inf α(xβ);
(iv) T is weakly η-coercive, i.e., there exists x0 ∈ K such that
〈T x, η(x, x0)〉 > 0,
whenever ‖x‖ → +∞ and x ∈ K .
Then there exists at least one solution for (3.1).
Proof. For r > 0, letting
Br = {y ∈ X : ‖y‖ ≤ r}.
Consider the following problem: find xr ∈ K ∩ Br such that
〈T xr , η(y, xr )〉 ≥ 0, ∀y ∈ K ∩ Br . (3.7)
By Theorem 3.2, we known that problem (3.7) has one solution xr ∈ K ∩ Br . Choose r > ‖x0‖ with x0
as in the coercive condition. Then x0 ∈ K ∩ Br and
〈T xr , η(x0, xr )〉 ≥ 0. (3.8)
By assumption (i), we get
〈T xr , η(x0, xr )〉 = −〈T xr , η(xr , x0)〉.
If ‖xr‖ = r for all r , we may choose r large enough so that the above equality and the weak η-coercivity
of T imply that
〈T xr , η(x0, xr )〉 < 0,
which contradicts (3.8). So there exists r such that ‖xr‖ < r . For any y ∈ K , we can choose 0 < ε < 1
small enough such that
xr + ε(y − xr ) ∈ K ∩ Br .
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It follows from (3.7) that
0 ≤ 〈T xr , η(xr + ε(y − xr), xr )〉
≤ (1 − ε)〈T xr , η(xr , xr )〉 + ε〈T xr , η(y, xr )〉
= ε〈T xr , η(y, xr )〉,
which implies xr such that
〈T xr , η(y, xr )〉 ≥ 0, ∀y ∈ K .
This completes the proof. 
Remark 3.1. (1) If instead T is continuous on finite dimensional subspaces, the conclusions of
Theorems 3.1–3.3 are also true.
(2) Theorems 3.2 and 3.3 improve and generalize the known results of Hartman–Stampacchia [4]
and the corresponding results of [2,3,5,6,8,12]. Theorems 3.2 and 3.3 also improve and generalize the
corresponding results of [7] when f ≡ 0.
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